ON THE BOUNDEDNESS OF EFFECTIVE POTENTIALS ARISING FROM 

STRING COMPACTIFICATIONS 



MARCELO M. DISCONZI, MICHAEL R. DOUGLAS, AND VAMSI PINGALI 

Abstract. We study effective potentials coming from compactifications of string theory. We show 
that, under mild assumptions, such potentials are bounded from below in four dimensions, giving 
an affirmative answer to a conjecture proposed by the second author in [14]. We also derive some 
sufficient conditions for the existence of critical points. All proofs and mathematical hypotheses are 
discussed in the context of their relevance to the physics of the problem. 
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1. Introduction 

A decade after Einstein proposed his theory of general relativity, Kaluza and Klein showed that, by 
postulating an extra dimension of space, one could obtain a unified theory of gravity and electromag- 
netism. In modern terms, one takes space-time to be 5-dimensional, an fibered over observable 
4-dimensional space-time. The 5-dimensional metric can then be decomposed into a 4-dimensional 
metric, a metric on S^, and a one-form on 4-dimensional space-time. The one-form can be identified 
with a U{1) connection, and the 5-dimensional Einstein action becomes a 4-dimensional Einstein- 
Maxwell action, with additional terms depending on the metric on S^. 

After a long period of obscurity, the ideas of Kaluza and Klein regained popularity in the 80's 
after the realization that supergravity and especially superstring theory make sense in more than 4 
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space-time dimensions. Superstring theory requires 10-dimensional space-time [31, 18], while max- 
imally supersymmetric supergravity and its quantum version called "M theory" make sense in 11- 
dimensional space-time. In both cases, one makes contact with standard 4-dimensional physics by 
postulating that the extra dimensions form a small n = 6 or 7-dimensional compact manifold M. 

A primary goal of the physics work on these compactifications is to derive an effective action 
in 4 dimensions. This is a functional of the 4-dimensional metric and whatever additional data 
parametrise the extra dimensions - its metric, and the other fields of supergravity or superstring 
theory - taken as functions on 4 dimensional space-time. Critical points of this effective action 
(in the usual sense of a variational principle) correspond to critical points of the original higher- 
dimensional supergravity or superstring action. 

The simplest case is to restrict to 4-dimensional maximally symmetric space-times (Minkowski, 
AdS, dS) with all other fields constant in 4 dimensions. In this case, the effective action reduces to an 
effective potential, a functional of the metric and other fields on M. Physically, this potential is the 
energy of the 4-dimensional vacuum and thus considerations of stability apply - one is particularly 
interested in local minima of the effective potential, and one has physical arguments that the effective 
potential is bounded below. This idea was turned into a precise mathematical conjecture by one of 
the authors in [14], which we now describe. 

We consider compactification on an n = D — d-dimensional compact manifold M to d-dimensional 
maximally symmetric space-time (Minkowski, AdS, dS), with D = W and d = 4 being the case of 
most interest. In the Z)-dimensional space, we consider General Relativity coupled to matter, the 
latter being encoded as usual in a set (possibly empty) of field strengths F^p\ p = 1, . . . (these are 
curvature terms, with the standard curvature of the Yang-Mills functional being the canonical ex- 
ample). After compactifying we end up with an effective potential V which is completely determined 
by quantities living in the compact n-dimensional manifold M: 

where Gat is the d-dimensional Newton's constant, g is a, metric on M, w is a positive function (the 
so-called warp factor), F(p) are field strengths as mentioned before and Tgt is a function on M which 
represents the non-classical sources present in superstring theory; a G M is a Lagrange multiplier, in 
the sense that its variational equation enforces a constraint (see section 2 below and [14] for a more 
detailed discussion). 

Exploring the physics of the problem and particular examples, one is lead to the following 

Conjecture 1.1. [14]; Consider a conformal class of metrics g = e^^g^ on an n-dimensional mani- 
fold M; then the functional (1.1) evaluated at its critical points ^ = 0, considered as a function on 
the space of all conformal factors ip with fixed warped volume and volume: 

[ V^-UVg = Cl, [ dVg=C2 

and all F, is hounded below. 

We will prove this conjecture under mathematically precise hypotheses as theorem 2.1. 

There is a close analogy to the Positive Mass theorem [41, 42, 48] and its generalisations like the 
Penrose inequality [30, 46]. The Positive Mass theorem states that, asymptotically flat space-times 
which satisfy the constraint equations of general relativity have non-negative energy. It has been 
generalised to space-times which are asymptotically anti-de Sitter with a given cosmological constant 
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A < in [11, 47], and this is very much hke a lower bound V > A. While the present conjecture 
concerns a more restricted class of space-times, in return it does not assume any asymptotic value 
for A, only that d-dimensional space-time is anti-de Sitter for some A. 

These results also naturally relate to problems in Conformal Geometry. In particular the sign of 
the Yamabe invariant of M [26, 40] plays a role in our criteria for the existence of critical points (see 
section 4), and it would be interesting to explore possible deeper connections between the present 
work and the Yamabe problem. 

Throughout the paper we try to explain the role played by our hypotheses and statements in the 
physics of the problem. Additional physics background can be found in the review [13]. 

2. Statement of the results 

For the rest of this section we will assume that d = A. Let us rewrite conjecture 1.1 in a form 
more suitable for our goals. 

A positive function v is a critical point ^ = of the functional V if and only if it satisfies^ 

(2.1) A,^ + {-^-Rg + ^Fg - \Ti)v = ^, ^ > 0, 

for some real number a, where Fg = ^^^i \F^P^\'^g. Tgt will be allowed to depend on the metric and 
therefore this dependence has been written explicitly. See equation (2.13) and the discussion that 
follows. 

Let us first recall the sense in which the parameter a is a Lagrange multiplier. Since d = 4, the 
first constraint in conjecture 1.1 is simply J^^ vdVg = Ci. As explained in [14], the constant Ci is the 
prefactor of the 4-dimensional Einstein action (the integrated scalar curvature) , which is a physically 
measurable constant (essentially, the inverse of Newton's constant). Thus, we write 
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(2.2) / vdVg- — 

in terms of a fixed constant Gat.^ Notice that solutions to (2.1) need not automatically satisfy 

(2.2) . However, if there exists a solution vq of (2.1) satisfying (2.2), then, all other solutions will 
automatically satisfy this condition. Indeed, notice that every solution of (2.1) is of the form 

(2.3) V = vo + w, 

where w is a solution to the homogeneous equation associated with (2.1). Since w must satisfy 
f^j wdVg = (see the proof of (1) in theorem 2.1), if follows that 

(2.4) / vdVg= f vodVg = ^. 



IM JM Gn 

Now, (2.1), being a linear equation, has the property that, a solution v with a particular value of a 
can be rescaled to a solution \v for another value \a. Therefore we can choose a such that (2.2) 
holds. Unless stated otherwise, from now on we assume that critical points are always tuned to 
satisfy condition (2.2). 

Evaluating the functional at v and using the constraints yields 



^Notice that here a sign convention opposite to that in [14] is used; see the appendix for notation and conventions. 
^One could set Gjv = 1 and thus choose the physical unit of length. Also, we have left out a conventional factor of 
167r. 
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Because of (2.2), the dependence of V on and v is through the Lagrange multipher a, and we now 
seek to write this dependence in a more exphcit fashion. 

In hght of (2.5), in order to prove conjecture 1.1 we need to only discuss the case where a is 
negative. So, in the rest of this section we make that assumption (some features of the case a > 
are discussed in sections 4 and 5). Defining uhy v = ^-^u, then it is seen to satisfy 

(2.6) Pgu = Agu + {-^Rg + ^Fg - ^ J u = -1. 
Using (2.2) to express a in terms of u, one has 

(2.7) \a\ 



Gn Jm udVg ' 

Writing a general metric g in the conformal class in terms of a fixed background metric go, 9 = ^'^^90, 
and using (2.3), (2.4), and (2.7) into (2.5) finally gives 

(2.8) V = ^-T^ . 

By the solution of the Yamabe problem [3, 36, 43, 49], the metric can be assumed to have 
constant scalar curvature Rg^, and henceforth we do so. This will be positive, negative, or zero 
according to the sign of the Yamabe invariant^ of (Af, go)- It will be convenient to express all 
quantities in terms of this fixed background metric. 

Under g = e^'^g'O) 

(2.9) Rg = e-2^( - 2(n - l)Ag,^ - {n - l)(n - 2)\Vg,Mi + ^9o), 
and 

(2.10) Agu = e-^'^iAg.u + (n - 2){Vg,^,Vg,u)g,). 
Recall that, if is a p-form, then 

\F(P)\l = gf^^'^^...gf^r,'^^F,,...,^F,,...,^ 

(2.11) = e-'P^gr^ ■ ■ ■ g'o''^^F,,...,^F,,...,^ 

Hence, the gauge fields expressed in terms of the metric go and ip become 

L L 

(2.12) El^^'^l^ = E«"''''l^^'^lL- 

p=i p=i 

Now we need to ask how T^^ transforms under g = e^^g^. The basic example of T^^ in string 
theory is the so-called orientifold plane, which is supported on a submanifold [8, 17]. Another 
common example is a Chern-Simons or topological term, as used in [7, 17]. What is important for 
our problem is its dependence on the conformal factor. Thus, we will take to be a function or a 
generalised function on M, and postulate a homogeneous dependence on the conformal factor, 

(2.13) T!, = e-^P^Ti\ 

which is consistent with (2.12). In the main result of this paper, theorem 2.1, we will consider 
different situations which will allow for different choices of (3. The first two cases, /3 = and /3 = 1, 



"'We use the term "Yamabe invariant" to denote the invariant of the conformal class, whereas the supremum over 
all conformal classes is called "Topological Yamabe invariant". 
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will be treated together, and in fact the proof in these cases works for any < /? < 1 . Another case 
of special interest is /3 = n/2 which is appropriate for a delta function source. Finally, a variation on 
this condition which includes orientifolds and many other cases is to make the simple assumption 

(2.14) / dVg = [ dVg„ for ah g = e^^go. 

JM JM 

See sections 2.1 and 6 for a more detailed discussion on the relevance of each hypothesis for the 
physics of string compactifications. 

Upon combining (2.9), (2.10), (2.12) and (2.13), equation (2.6) becomes 

(2.15) Mg,,u = Ag,^u + {n- 2){Vg„^, Vgou)go + Uu = -e^'^, 
with 

(2.16) 1)^50^ + l{n-l){n- 2)\VgMi " ^^.o + -^(9^) " ^e2(i-«^T,f 
and 

1 ^ 

(2.17) Jr^^) = _^e'a-^^^\F(P)\1. 

p=i 

We will not need the specific form of J-, it being enough for our proof to notice that J-" > 0.^ 

Let us now restate conjecture 1.1 as a theorem that will be proven in the subsequent sections. 
After stating the results we discuss the physical meaning of the hypotheses some consequences. 

Theorem 2.1. Let (Af, go) o, compact orientable n- dimensional Riemannian manifold without 
boundary, let A G M+. Fix a collection of smooth p forms {-F^^^}p=i, and, a function S C°°{M) 
which transforms under conformal changes as (2.13), for some /3 > 0. For any smooth function (/? 
on M define F{ip) as in (2.17). Define ^ = {(/? G C°°(M) | J^^j e"'^ dVg^ = A], and let S d A he the 
set of if £ A such that equation (2.15) has a positive solution u = u{ip,gQ,Tf° Then: 

(1) The map j,9o j- : 5 — )■ M given by 

6 

is well defined. 

(2) Fix r] > and define 

5^ = |(^ G 5 j Rg dVg < 1] , where g = e^'^^o}- 

Suppose that < /3 < 1, or f3 = ^, or (2.14) holds. Then there exists a constant G M such that 

(2.19) inf ^^.o,^((/.)>K,. 

In particular, j,so jr is bounded from below if the scalar curvature is uniformly bounded. Moreover, 
if dim M = 2 then 

(2.20) inf ^{^) > K, 



^ This is actually not manifest in supergravity as there are Chern-Simons and other non-quadratic terms, but it is 
shown in Ref. [15]. 



6 



DISCONZI, DOUGLAS, AND PINGALI 



for some K G M. 



(3) Furthermore, if we define 

(2.21) Srj = G Sr, such that j [Fg — Tf^) dVg > —r] , where g = e^'^go^, 
then there exists a constant G M such that 

(2.22) ■uii:Sg,^T!^^A^)>K^, 

for any value of (3 in (2.13). 

A different approach to the theorem would be to impose conditions directly on the functions 
appearing in the conformal factor e^^ . In this regard we prove: 

Proposition 2.2. Assume the same hypotheses of Theorem 2.1. Suppose that < /3 < 1 and that 
dim(M) > 3. If B^ifS) is the ball of radius r/ in L^{M,gQ) then there exists a constant G M such 
that 

(2.23) inf ^ j,,o ^{^) > K^. 



2.1. Discussion of the hypotheses. Let us make some comments on the hypotheses and the 
content of theorem 2.1. We first discuss the physics of (2.13) and (2.14). 

The "non-classical" source terms Tgt differ from the usual stress-energy tensor of general relativity 
in two ways. First, they are generally associated to quantum effects and anomalies in string theory 
and M theory, as in the anomaly cancellation terms of the heterotic string called on in [8]. Second, 
and more importantly for us, they violate the positive energy condition. This allows finding com- 
pactifications to Minkowski space-time even in the presence of other positive contributions to the 
energy, again as first seen in [8]. But it means that any positive (or bounded below) energy theorem 
in string/M theory will require placing some condition on Tgt, which replaces the positive energy 
condition. Although the physical consistency of string/M theory implies that some such condition 
exists, and one can see some of its features in examples, at present no precise and sufficiently general 
statement of the condition has been proposed. Thus we put forward (2.13) and (2.14) as candidates, 
which suffice to prove our main results. 

Some of the j3 values of interest are the "topological" case referred to above, namely, /3 = 0, and 
/3 = ^, which is how T^^ transforms when it is a delta function, since 

1= / 6gdVg= [ e--^6g,e-^dVg,= [ 5 g, dVg, . 

Notice that /3 = ^ is also the case where Tg^ scales in the same way as in (2.11) with p = §, which 
is when the the gauge fields have a conformally invariant stress tensor. Another natural case is the 
"naive" choice /3 = 1, i.e., declaring that T^^ transforms in the same way as the metric. 

Yet another important example is the orientifold plane mentioned above. In this case, T^^ is 
supported on a closed submanifold C M in the sense that 

(2.24) Tft^O on M\N, and / Tl,dVg= [ T^,d^g = l, 

Jm Jn 

where d'Sg is the induced volume element on A^. The simplest way to model (2.24) is to have 
Tg^ = 6g{N), i.e., the measure assigning one to A^ and zero to M\N, although choices like T^^ = xn, 
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or some smooth approximation of it, can also be considered (xe being the characteristic function of 
a set E). If N is /c-dimensional, then dT,g = e^^ dTig^, and hence by analogy with the delta function, 
we require that in the orientifold case the string term transforms as 

^st ~ ^ ^st • 

This corresponds to /3 = | , where k is the dimension of the submanifold supporting . Notice that 
/? = ^ and an orientifold-like string term can both be encoded in the assumption (2.14). 

Finally, even if neither of these conditions were to hold, we can prove the result under the global 
condition (2.21), which states that, any negative contribution of T^^ is compensated by the energy 
of matter and fluxes, as comes out of many analyses and discussions [17, 29, 50]. 

Turning to mathematical questions, the first and most obvious is whether the set S is empty or 
not. We address this question in section 4, where we provide conditions for the existence of solutions 
to equation (2.15). We will also see reasons to think that S ^ A hi general. Presumably this is 
because string/M theory effects cannot be neglected in these cases, but not much is known about 
this. 

That the map 7-^0 jr is well-defined is not a surprise - by Eq. (2.4), t^o jr does not depend 
on elements in the kernel of Pg. 

In (2.19), the infimum is taken not only over all conformal factors satisfying the original constraint 
Im ^'^^ — but also obeying the extra integral bound /^^ Rg dVg < r]. 

Curvature bounds are physically appropriate whenever one studies quantum gravity and string/M 
theory in the language of general relativity. These theories have a preferred scale of length below 
which a description in terms of classical space-time breaks down, the Planck length Lpi for quantum 
gravity and M theory, and the string length Lg for string theory. Let L = max{Lpi, Ls), then 
a description in terms of a space-time metric satisfying Einstein's equations will generally only be 
valid when the curvature of the metric is much less than 1/L^ . This would apply to every component 
of the curvature as well as its derivatives, and the p-form field strengths F^^^ and their derivatives. In 
this sense, the physics naturally places stronger conditions, such as uniform curvature bounds^. As 
we explain below, the proof with these conditions is an elementary consequence of the more general 
assumptions that are adopted here. 

Mathematically, since all constraints in conjecture 1.1 are integral conditions, one would prefer, 
even if merely for aesthetic reasons, to have any additional conditions to be integral as well, as in 
theorem 2.1. 

The bound on the scalar curvature is also a very reasonable geometrical assumption, in the sense 
that curvature bounds are commonplace in Riemannian Geometry (see e.g. [4, 10, 40]). Finally, we 
point out that J^j Rg dVg < is a natural generalization of the situation in 2 dimensions, where the 
condition is automatically satisfied due the the Gauss-Bonnet formula. 

We should also make a comment about our assumptions of regularity. In order to avoid technicali- 
ties that would obfuscate the main ideas, all our functions are assumed to be smooth. This obviously 
excludes cases such as ~ 6gQ{p), for some p G M, or ~ 5gQ{N), for some submanifold A^. 
However it will be clear that, after a suitable interpretation in the context of linear equations involv- 
ing a generalized function, the same argument works (see section 6). Other regularity assumptions 
can also be greatly relaxed. See for example [19, 24, 44, 45] for generalizations of the techniques here 
employed to conditions of less regularity. 



We recall that curvature bounds have been successfully employed to study the long-time existence of Einstein 
equations [2, 28]. 
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Finally, let us address the L^{M, go) condition in proposition 2.2. A bound on the L^{M, qq) norm 
of if seems to be a fairly standard hypothesis if we focus exclusively on the analytical aspects of 
the problem. From a more geometric perspective, it can be interpreted as follows. Even smooth 
conformal factors can approach distributions with very bad singularities, in which case the limit 
metrics would be highly degenerate. On the other hand, singularities do occur in quantum field 
theory, and we may not want to completely rule them out by impose very strong conditions, and 
hence simple bounds seem appropriate. Moreover, as we are dealing with compact manifolds, 
the norm is the weakest of all norms and so the weakest possible bound is to require 

if eSnBr,{0). 

At the end of the day, our hypotheses should be justified on physical grounds. Imposing that 
Jj^^ (f dVgQ is bounded above is more than appropriate, as we know from experience that if the extra 
compact dimensions exist, they have to be small. On the other hand, if J"^ ^dVg^ — )■ — oo then such 
extra dimensions would collapse. It would be interesting to analyze what type of physics can emerge 
in this setting. For example, we illustrate in section 3.1 that, if the effective potential is not bounded 
from below then the singularities assume a rather specific form. 



3. Proof of theorem 2.1 

In this section we prove theorem 2.1. We use the letter C to denote several different constants 
that appear in the estimates. They will never depend on (p, u or i, where i indexes a sequence in S 
(see proof below). For < /3 < 1, the most natural choices are /3 = 0, 1, as we stated in the theorem. 
But since the proof works without modifications for values of /3 between zero and one, we will write 
< /3 < 1 explicitly in some passages of the proof in order to stress this fact. 

Proof of theorem 2.1-(1): First we need to show that the map j,3o -p is well-defined. For a given 
9? S 5, let belong to the kernel of Pg, or equivalently to the kernel of M^^, where Pg and Mg^ have 
been defined in (2.6) and (2.15), respectively. By the Fredholm alternative (see appendix), w is then 
l? orthogonal to the image of P^, and since —1 belongs to the image by hypothesis, 

wdVg = - [ we'^'f dVgo = 0. 

Now, if ui and U2 are two different solutions of (2.6), then ui — U2 belongs to the kernel of Pg and 

e"^nidK,„= / e"^n2dK;o+ / e""^ {m - U2) dVg, = [ e^^uad^^o, 

M JM JM JM 

showing that the map is well defined. 

Proof of theorem 2.1- (2), < (3 < 1: Here we prove part (2) oi the theorem for f3 between zero and 
one. A separate proof for the case /3 = ^ and when (2.14) holds will be provided for the reasons 
explained in section 2. 

We start deriving an useful inequality. Notice that v > 0, and so is u. We are therefore allowed 
to divide equation (2.15) by u. Doing so and integrating by parts yields 



(3.1) 



dVg, + \{n-l){n-2) [ \V g,ip\^ dVg, + {n - 2) [ -{Vg,ip,Vg,u)g,dVg, 

<3 JM JM U 

g2(/3 f 1 f 1 

— dVg,+ :FdVg,-- e'^'-^^^T^,°dVg, = -Rg,VO\g,{M). 

M u Jm o Jm J 
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The Cauchy inequality-with-epsilon (see appendix) gives 



-{^9o^^^ao'^)go dVg, >-- 



(3.2) 



dVg, + \{n-l){n-2) [ \Vg,ip\'' dVg, + (n - 2) / U'^g.V, "^90^)90 dVgo 



Since < ^^"3 one can choose £ such that e > and e < Hence (3.1) and (3.2) 

combine to give 

1 f |V lip /■ 

-Rg,YO\g,{M)>Cl '-^^dVg,+C2 \Vg,^?dVg, 

^-g g-j -J U Jm 

+ / '^dVg,+ [ FdVg,-\f e'^'-^^^T^^ dVg,, 

Jm u Jm o 

where ci and C2 are positive constants. 

To prove (2.19), assume the result is not true. Then there exists a sequence ifi £ 5^, with 

corresponding solutions Ui of (2.15), such that ^ r^o{'^i) — ^ —00 as i — )• 00, and therefore 

y 1 ^ St 

(3.4) / e"'^»n,dK;„ ^0+. 

Jm 

We will suppress the subscript i for notational convenience, but all limits are to be understood as 
the limit when i — )• 00. 

Start noticing that /^^ e^^ dVg^ = A implies that there exists a constant C > such that 

e'^'-^^^dVg,<C. 

IM 

This is obvious when (3=1 and for /3 < 1, Holder's inequality gives 

e^^'-^^^dVg, < (volg,{M))^^^ II e2(i-/5)^ || . 

2(1-/3) 



(vol,„(M))"-^'-«(/^^e"-dK.„) 



Hence 



< sup |r,f (x)| / e'^'-^'^^ dVg, < C sup \T!^{x)\. 

xGM jm x&M 



' M 

Combining this with the fact that the first, second and fourth integrals on the right hand side of 
(3.3) are non-negative, produces 

1 1 /" 1 f e^^ 

C + -Rg, VOlg,iM) > - / e^^^-P^^T!^ dVg, + -Kg, VOl,„(M) > / — dVg,. 

Or, in other words, Jj^j ^ dVg^^ is bounded independent of ip. Applying Cauchy-Schwartz gives 

0< f e'^^dVg,= [ e^^V^^dVg,<( f e-^udVg,f(j dVg^^ 
Jm Jm ^Jm ^ ^Jm u 
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As the last term is bounded, from (3.4) it follows that 



n + 2 
II 2 
'-■ II 71+2 

L^2-[M,go) Jm 



n+2 

e—^ 0. 



By the Holder inequality it then follows that || e"^ llL'=(A/,go)~^ ^ 1 < s < 2~ ' ^^w we will 

bootstrap to obtain this result for s < n. For any p > 1, letting i + i = 1 as usual, we see that: 



(3.5) / e'^dV, 



M 



90 



M 



M 



M 



Ap 



M 



Given < s < n, we can always choose p > 1 such that 
(3.6) 



p , n n+2 

(s = , 

p-l^ p' 2 ' 



so that the right hand side of (3.5) goes to zero. In fact, as p > 1, write p = 1 + (5, 5 > 0, so that 
(3.6) reads 

n + 2 5 



+ 



n 



2 1+5 1+5 

Then s is a decreasing function of 5, satisfying s ^ n when 5 — >■ and s — )• ^^^^ as 5 — )■ oo. Hence 
we have shown: 

(3.7) 



/ e'"^ dVgo for any 1 < s < n. 
J M 



Now multiply (2.15) by ^— , integrate, and integrate by parts the Laplacian terms. Then terms 



involving :^(Vg„99, Vpon)go cancel out and we obtain 

i(n-l)(n-2) / e(--2)^|V,„^pdF,„= / — dVg, + [ 

_1 /■ e^r.-2)^R,,dV,,+ [ TdV,,-^- f 
-J Jm Jm " 



(3.8) 



(n-2l3)-firpgo ry 

^ -'-St go- 



lf (3=0 then 



m 



(n-2p)iprpgo ly 
^ -'st "'^90 



< sup |T/,"(x)| / e-^dVg, = A sup |r,f (x)|, 

x6A// JM i^eM 



which is uniformly bounded independent oiip. If /5 > (and less or equal than one, see the hypotheses 
of the theorem) then 



M 



e avg^ 



sup |T<; 



(^)l / ' 

Jm 



,(n-2/3)^ 



90' 



which goes to zero by (3.7). In any situation, there exists a constant C > 0, independent of (p such 
that 



(3.9) 

Evoking (3.7) again gives 
(3.10) 



D JAf xeM 



M 
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Using (3.9), (3.10) with 

V nP r 

dVgo > and / TdVgo>0, 



2 ""'90 - " "^^^ / ""'30 
M ^ J M 



into (3.8) implies 

(3.11) -(n - l)(n - 2) / e("-2)^|V,,v^|2 > / — dF,., - C sup |rf,°(x)| + o(l), 

where o(l) denotes as usual a term that goes to zero. Since u > and /(x) = ^ is convex for x > 0, 
Jensen's inequality (see appendix) with the measure dVg = e^'^dVg^ gives: 

/m - = ™''<''%, « ^ -^^i;^ = i;^^ 

where = ^^^(j^,^^ fj^j- Therefore /^^ ^ dVgj, goes to infinity, and so by (3.11) we get 
(3.13) [ e^^-^^^\Vg,ip\^dVg,^^. 

Now integrate (2.9) with respect to dVg = e^'^dYg^ and integrate by parts the Laplacian term to 
find 

/ Rg dVg = (n - l)(n - 2) /" e("-2)'^|Vgo^|2 dVg, + Rg, [ e("-2)'^ dVg,. 

Jm Jm Jm 

The second integral approaches zero by (3.7), and since jj^jRgdVg < rj hy hypothesis, we obtain a 
contradiction with (3.13). This proves (2.19) when < /3 < 1. 

Proof of theorem 2.1-(2), (3 = ^ or (2.14) holds: It is enough to assume (2.14), since this is satisfied 
when /3 = § because 



/ T^,dVg= I e--^T!,°e^^dVg= [ dVg,. 

Jm Jm Jm 



As before, assume the result is not true so that 

(3.14) j e'''^udVgo= [ udVg^O, 

Jm Jm 

for some sequence of functions u and ip (again we are omitting the index i). Here it will be more 
convenient to work with equation (2.6). Divide (2.6) by u, integrate with respect to dVg and integrate 
by parts the Laplacian term to get 

(3.15) / ^ dVg+ [ ( - Ug + ^Fg - It/,) dVg = - f ^dVg. 

By (2.14), the integral 

/ T^dVg 

Jm 

is bounded by some constant C > depending only on the fixed quantities and qq. Hence, 
dropping out the non- negative terms, 

(3.16) / ^dVg< [ \RgdVg+ [ TidVg<C, 

Jm u Jm -3 Jm 
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where the hypothesis that the integral of the scalar curvature is bounded has been used. As before, 
applying Jensen's inequality for the function f{x) = ^, x > 0, and the measure dVg leads to 

<J'dVq JmU 



or equivalently 



< 4 / -dVg, 



fMudVg A^Jmu 

where we used j\,jdVg = J^e^^dYg^ = A. In light of (3.14), the right hand side of the above 
inequality goes to infinity, contradicting (3.16). This proves (2.19) when /3 = ^ or (2.14) holds. 

The statement (2.20) now follows from the the Gauss-Bonnet formula as J^^ Rg dVg is a topological 
invariant, and hence bounded. 

Proof of theorem 2.1-(3): Use again (3.15). It then follows from the hypothesis that 

- dVc, < C, 

M U 

which again gives a contradiction after an application of the Jensen's inequality. 

□ 

Proof of proposition 2.2: If the result is not true then from the proof of theorem 2.1 we have 
Im ^^'^ dVgg — )• for 1 < s < n. Since the exponential is a convex function, we can use Jensen's 
inequality with the measure dVg^ to obtain: 

e'^ dVg, = volgo (M)/ e^^ dVg, > volg, {M)e''^^^^ iM^^^m ^ 



IM JM 

where fj^j = J"^. So /^^ e***^ — > implies / fdYg^ — ^ -co, and therefore 



DO 



(fdVg 



go 



< / \ip\ dVgo = II (p ||li(m,5o)' 



contradicting if £ S (1 Bri{0). □ 

3.1. Remarks. The inequality Eq. (3.3) is also interesting as a limit on how negatively curved the 
compactification manifold M can be. In [15] it was pointed out that M cannot have negative curva- 
ture unless Tst > 0, but this was not quantified. Prom equation (3.3) one has (see also proposition 
4.2) 

. ^ lM^'^'-''^^T!,^dVg, 
2vol,„(M) • 

Thus the negative curvature can be no greater than string scale, and much less if the orientifolds live 
on submanifolds. 

We mentioned in section 2 that if the effective potential is not bounded from below, then the 
singularities that may form are generally of a very particular type. To see this, remember that we 
showed that in this setting we have 

(3.17) / e^'P^dVg.^O, 

JM 
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when i — )■ oo, for any 1 < s < n. Since Jj^^ e'^^'- dYg^ = A, for all i, a simple application of the 
interpolation inequality (see appendix) yields 

(3.18) f e'^^'cLVg^ ^oo 

J M 

for any s > n. On the other hand, (3.17) gives that, up to a subsequence, — ?■ almost everywhere, 
and by Egoroff's theorem (see e.g. [34]) the convergence is uniform outside a set of measure 8, where 
5 > is as small as desired. This implies that e"*^' has a behavior very much like a (sum of) Dirac 
delta(s): it converges to zero in most of M, blows- up in some localized subsets and has constant 
integral (since /^^e"'^'dVgo = A). 

4. Existence of critical points, topological considerations and some a priori 

estimates 

In this section we discuss the existence of critical points and its interplay with the topology/geometry 
of the manifold (M, (70). First we prove existence theorems for equation (2.15) which also allow us 
to provide useful bounds for the critical points and the map rpao -p. We then discuss the general 
solvability of equation (2.1), including non-positive values of a. 

Recall from §2 that our problem is to solve equation (2.1), 

Pgv = Agv + i-^Rg + ^Fg - irfjt; = ia 
for some a G M and an everywhere positive function v satisfying equation (2.2), 

Of course, if we can solve (2.1) for some a, then by simultaneously rescaling a and v we can solve 
(2.2). Thus, for fixed data {g,F,Tst), we can restrict attention to the cases a = ±1 or 0, as in 
equation (2.6). On the other hand, if we are considering a family of solutions in which a changes 
sign, we should keep a general. 

The solvability of (2.1) is governed by the associated eigenvalue problem 

PgV = Xv. 

We recall its basic features, granting that the coefficient functions are smooth, is negative definite 
and that Pg is self-adjoint (see e.g. [16, 19]): 

• The spectrum Spec Pg C M is countable and has no accumulation points. 

• It is bounded above. Spec Pg C (— oo,Ao]. 

• The eigenvalue Aq is isolated, meaning SpecP^ = (— 00, Ai] U {Aq} with Ai < Aq. 

• The eigenspace to Aq is one dimensional and spanned by an everywhere positive eigenfunction. 

• The inhomogeneous problem (Pg — = f has a unique solution for each / G C°°(M) if 
and only if /i ^ SpecP^. Such a solution u is smooth. 

Thus, if Aq < 0, Pg will have no kernel, so that existence and uniqueness of u is evident. On the 
other hand, if Aq > or if we cannot show Aq < a priori, the discussion will be more complicated. 
In this case we will try to argue by continuation from the easier Aq < case. 

Let us first consider cases where we can state conditions which guarantee Aq < 0, which we do in 
propositions 4.1 and 4.2. The idea behind their proofs is to guarantee the existence of a maximum 
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principle, which can then be combined with the Fredholm alternative to reduce the problem of 
existence of solutions to that of uniqueness^ (see the appendix for details). 

For simplicity, let us assume that /3 is an integer and that the gauge fields F^^^ are labeled according 
to their degree, which we still denote by p, so that p = 1, . . . ,n. The proofs can easily be extended 
to other cases. 

Proposition 4.1. Assume the same hypotheses of theorem 2.1, and suppose further that (M, qq) has 
positive Yamahe invariant. Define 



Consider the conditions: 
(i) II ||cO(M)< i^so,n(e). 
N II l^^^^lao \\cHM)<Kgo,n{^), p=l,...,n. 

(Hi) \\ Aggif \\cO(M)< ^go,n(£)- 



M II \^go'P\go llcO(M)< -?^9o,nl 



(v) ^< e2¥'(^) < for allxe M. 
Given < e < ^Rgo, assume conditions (i)-(v). Then equation (2.15) has a unique solution u. Such 
solution is smooth and positive. Moreover, if e > 0, this solution obeys the estimate 



n 

(4-1) II u ||co(M)< — 



Also, if e = then the map j,so -p satisfies 



3n(n + <i)Rgg 



("■2) Ka'A^) > — ^^oT- 

where Kg^^n = Kg^^n{0). 

In order to appreciate the relevance of proposition 4.1, let us consider one of the cases of primary 
interest, namely, D = 10, so that n = 6, and Kg^^ ~ 10~^i?g„. Here all of Rg^, and have 
units of 1 / length^ , or mass"^ in Planck units h = c = 1. Assume for concreteness that M is roughly 
isotropic in the sense that volgg M ~ Then proposition 4.1 guarantees existence and 

uniqueness of a critical point for any value of of and T up to the order of W~^{Mp^^)^. 

The known applicability of this proposition is to compactifications on manifolds with Einstein 
metrics of positive scalar curvature, such as the sphere. These lead to a < and compactifications 
to anti-de Sitter space-time. However it is interesting to note that when n = 6 and M is a Calabi- 
Yau manifold, it is known that its topological Yamabe invariant is positive (proposition 4.3 in [25]). 
Hence, in such cases, there exists at least one conformal class whose Yamabe invariant is positive and 
therefore there are solutions to equation (2.15) with positive scalar curvature, very different from 
the Ricci flat metrics usually considered. A physics discussion of this is given in [20]. 



''It is only the sign of the lower order term which plays a crucial role in this procedure, but rather than simply 
assuming such a sign condition, we provide separate bounds in terms of the physical quantities composing the lower 
order coefficient, namely, the scalar curvature, the string term and the gauge fields. Since it is only the combination 
of these terms which is relevant for the maximum principle argument, the choice of such bounds involves a great deal 
of arbitrariness, but the reader can easily adapt the proof to other situations. We also seek to write conditions in a 
very simple fashion (we provide a bound essentially in terms of the dimension), so that one can hope to actually verify 
them in concrete situations. 
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One interesting consequence of (4.1) is to give a control of critical points in terms of the (constant) 
scalar curvature Rg^^. In fact, choosing e = jRgg < \Rgo, (4.1) gives 

(4-3) II llcO{M)< 

and therefore u has to be very small if the scalar curvature is very large. This behavior of u has 
already been identified in [14] by an argument based on the AdS/CFT correspondence, and (4.3) 
provides a further refinement of that prediction. 

Proof of proposition 4-1- Write the operator M^^ as 

(4.4) Mg,u = Ag,u + (n - 2){Vg,ip,Vg,u)g, " Vu 

where V = -^{n- l)Ag,ip - i(n - l)(n - 2)\Vgo^\l^ + l^9o - + le'^^^~'^^'^T^t ■ We wih show that 
conditions (i) — (v) imply 

(4.5) infy(x)>e. 

M 

We have 

V > iRgo - - l)Kg,,n{e) - ^(n - l)(n - 2)J^,„,„(e) 

(4.6) . L 

AY^e'a-P).Kg,,^(^e)-le'(^-^)-KgUe). 

Since we are assuming /3 to be an integer, we can write the last two terms into a single sum which 
is greater than or equal to 

(4.7) e=o e=2 

> -ii^3„^„(e)(l + n" + (n-2)n"-i) > -^n"i^,„,„(e) 

where in the next to the last step we used (v). Using (4.7) in (4.6) gives 

V > ^^90 - lri{n - l)i^go,n(e) - ^^"^9o,n(e) 

11 2 1 

- 3^^° " s'^'^^aoA^) - ^n'^KgoA^) = 3^90 " ™"^9o,n(e)- 

The right hand side is equal to e by the definition of Kg^^ni^), and so (4.5) follows. In particular 
V > 0, including when e = (we get a strict inequality by the compactness of M), and it then follows 
that Mgg satisfies the maximum principle (see appendix), and therefore Mg^ has trivial kernel. We 
give the argument for completeness. If Mg^w = then, from Mg^w > we get by the maximum 
principle that w cannot have a non- negative maximum, hence w < 0. Analogously Mg^w < implies 
that w cannot have a non-positive minimum, hence w > and therefore w = 0. Now by the Fredholm 
alternative, (4.4) has a unique solution u, and this solution is is smooth. To see that u > 0, we again 
evoke the maximum principle. We have Mg^u = —e^^ < 0. Hence u cannot have a non-positive 
minimum. 

To prove (4.1), define u = u - Using (4.4), 

Mggii = Ag^u + {n- 2){Vg,,ip, Vgou)go -Vu = -e'^'f + —V > -e^^ + n" > 0, 
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where (4.5) and (v) have been used. Evoking the maximum principle once more we obtain u < 0, 
and (4.1) fohows. 

Next we show (4.2). Let xq G M be a point where u attains its minimum. Then Aggu{xo) > 
and Vgou(xo) = 0. Therefore 

^e^fl-o) = Mg,u{xo) > -V{xoHxo), 

and so 

u{xo) > — > 



V{xo) nsupA/F 

But 

V<\V\<^in- 1)\A,,^\ + i(n - l)(n - 2)\V,,^\l + ^R,, +T+ ^-e'(^-^'>^\T!,°\ 

£=0 

< ^n(n - l)Kg,,n + ^Rgo + ^Kg^^nin + l)n" < (n + 3)Rg, 
where the definition of i^n,go been used. Hence 

r ^ 1 
u{xo) > — — . 

n{n + 3)RgQ 

Now it follows that 



3n{n + 3)Rgg 

>9o,T,?,^v^; - -4G%f^e-'^udVg, " ~ 4G% irduu J^e^^ dVg, " 2Ig|" 



> 



where we used that J"^^ e"*^ dV^Q = A. □ 
4.1. Non-positive Yamabe invariant. 



Proposition 4.2. Assume the same hypotheses of theorem 2.1, and suppose further that (M, go) has 
non-po 
define 



non-positive Yamabe invariant. Let H = g^ | i_^| (— n" ^ l-^^^^lgo "^'tt) ■ Given e > 0, and T > 1, 



Assume that 

II llco(M)< r 
II WgMlo llco(A./)< r 

- < e^^^ < n 
n 

H>Kg,^n{e,T) 

Then, there exists a unique, smooth and, positive solution to (2.15). This solution satisfies 
(4.8) II u |bo(M)< -• 
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Moreover, the map y,so jr satisfies, 

(4-9) ^?.o,l^°,^> ■ 

It is known that there are no topological obstructions to negative scalar curvature [5]. In other 
words, on any compact manifold we can find a metric g such that the total scalar curvature functional 
is negative, i.e., f^RgdVg < 0, so {M,g) will have negative Yamabe invariant. Thus we have 
conditions which guarantee a solution in this case; however they may require large which is 
somewhat unphysical. Nevertheless this could be useful as a starting point for the analysis of families 
of solutions below. 

For the situation of zero Yamabe invariant, we notice that once more in the case of primary inter- 
est, namely, when M is a Calabi-Yau, we can find a metric fulfilling the hypotheses of proposition 
4.2. Simply choose a Ricci-flat metric on M. Therefore, as in proposition 4.1, our hypotheses in 
proposition 4.2 are not vacuous. 

Proof of proposition 4-2: The proof is similar to proposition 4.1, so we will only sketch the arguments. 
Just as in the proof of proposition 4.1, we may easily show that the hypotheses imply (4.5). Then, 
the same maximum principle type of argument as before shows there exists a unique, smooth and 
positive solution to (2.15). 

To show (4.8), if xq is a point of maximum of u, then, V g^^u{xQ) = and /S.g^^u{xQ) < 0. Hence, 

V{xo)u{xo) < e^^^^o). 

So, n < f . 

Finally, we prove (4.9). At a point of minimum yo of u, Vg„u(yo) = and Ag,ju(yo) > 0. Hence, 



But, 



V < ^|i?,o| + ^n(n-l)r + sup^-— |rf°-5]|F(P)|V(^-P)^| 



< 



p=i 



3 " n , 

p=i 



and the result follows. □ 



4.2. Families of solutions. The basic point we want to establish is 

Conjecture 4.3. Suppose we have fixed (M, go,T^°) and we are given data (93, J-") depending smoothly 
on a real parameter t, such that for t = we are in one of the situations governed by the preceding 
propositions and thus a\t=o < 0. Then, there will be a region t G [0,ti] for some ti > in which 
equation (2.1) has a unique solution satisfying (2.2), and in some cases Oi\t=tj^ > 0. 

In particular, we might add a constant term Ct to J-, causing the eigenvalues of Pg to shift as 
A — A + Ct; then for a given ti and sufficiently large C we will have ct\t=ti > 0. Physically, this 
connects a compactification to anti-de Sitter space-time to another compactification to de Sitter 
space-time, and is referred to as "uplifting" [13, 21]. 



18 



DISCONZI, DOUGLAS, AND PINGALI 



Ipi dVg ) 

M 



2 



Let us give some intuition of why one expects the above conjecture, or some variation of it, to 
be true. Begin by assuming that the corresponding solutions v = Va vary in a well behaved manner 
(say, they depend continuously or smoothly on the data). What can be said about the solutions vq 
corresponding to a = 0? 

The (unique) solution of (2.1) can be written as an eigenfunction expansion of the form 

Q \ - 1 

(4.10) " = ?E]^ 

i 

and the effective potential is then given by 

(4.11) ^ = 

Equality (4.11) indicates the presence of a resonant mode when V approaches zero. In other words, 
when a —7- 0, one has — )■ for one of the eigenvalues in {Aj}; notice that by (4.10), if a — )■ then 
having A^ — )■ is the only way we can have a non-trivial v (at least under the present assumption 
that V will vary smoothly with the data of the problem). In this case, the main contribution to the 
warp factor will come from the corresponding eigenfunctions ^s, as can be seen from (4.10). It is 
also worth noticing that if A^ = then will solve 

Pg^s = 0, 

which is exactly (2.1) with a = 0. 

In order to be an acceptable solution, one needs v to be positive. If tps is the ground state, i.e.. 
As = is the principal eigenvalue, then the corresponding eigenspace is one-dimensional and we can 
assume > 0, and hence v = ip. But if the resonant state is an excited one, then there might be 
more than one corresponding ips, and generally these will take positive and negative values. Since 
the dominant contribution to v will be from the V's's, generally v will be zero or negative somewhere 
on M. Hence we seek to investigate whether this situation can be avoided, at least in some generic 
sense. 

Suppose V crosses from negative to positive values, and consider V right before it becomes zero, 
so V ~ but V < 0. Then, up to a positive constant, (4.11) becomes 

1 _ 1 

V ^ a;' 

where A<j corresponds to the energy level that becomes resonant when V = 0. The condition V < 
gives Xs < 0, and therefore (4.10) implies 

k 

(4.12) 

where tpsk are the eigenfunctions associated to A^; notice that ^ > since V < 4^ a < 0. 

Now recall that we are assuming that for q < 0, or equivalently V < 0, (2.1) has a (unique) 
solution V, which satisfies v > 0. As we pointed out earlier, typically one expects the eigenfunctions 
associated to excited states to take positive and negative values, and therefore the positivity of v 
along with (4.12) suggest that we are in the case in which A<j is the principal eigenvalue, so that the 
sum on the right hand side of (4.12) contains only one term i/^^ and it satisfies ^l^s > 0. Therefore, 
under our assumptions, we expect that when V = 0, the resonance A^ = will be the principal 
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eigenvalue, and in this case the warp factor will he v = ips > (up to multiplication to positive 
constants) . 

Summarizing, the above arguments suggest that typically one can continue V through zero. Other 
arguments in this direction have already been given in [14]. Moreover, the study of continuous 
dependence of eigenvalues of the Laplacian [6] and analytic properties of the resolvent [27] suggest 
that a picture where some sort of smooth or continuous dependence, as assumed above, is likely to 
hold. 

Finally, it is worth pointing out that if we rewrite all quantities in terms of a fixed constant scalar 
curvature background metric go, then our basic equation becomes 

LgoU - ^Rgo u = ^e^'^a 

and the study of eigenvalues previously discussed can be rephrased into the more geometric question 
of whether a multiple of the scalar curvature, \RgQi is an eigenvalue of the linear operator L^^. 

5. The case d 7^ 4 

Although d = 4 for compactifications of string theory which could describe fundamental physics, 
there is also a good deal of physics work on d 7^ 4. Such compactifications can be much simpler 
than d = 4, for example the compactification of the lib superstring on leading to anti-de Sitter 
space-time [1]. A compactification with d > 4 can also be further compactified to get d = 4. 

The reasoning of section 2, when applied to the general d case yields the following equation for 
the critical points of the action (see [14] and equation (2.33) therein for details) 

where T^"*) = -f + J'ft = E Wa'''? + ^it and a is the Lagrange multiplier in (1.1). One sees 
that the case d < 4 is qualitatively different because of the negative exponent in the source term, 
and we will not treat it here.''' 

Recalling that the role of a is to impose the constraint 

(5.2) / y^-^dVg = -^, 

we see that it suffices then to find v > solving the problem 

(5.3) Agv + fgv = Kv^~-^, 

where is a a given function, possibly depending on g, and K is a non-zero constant. In fact, if v 
solves (5.3) with / = ~ 2(d-i) (f-^g + T^"^^), then v = av satisfies (5.2) and solves the equation with 

K replaced by Ka a , where 



1 



d 

2d-4 



4 



The important aspect of K is that it has the same sign of a. The case K = 0, or a = 0, will be 
excluded here because in this case the equation is linear. 



''' The case d = 2 is substantially different as one should use different constraints than those of Conjecture 1.1, 
one should not go to Einstein frame. 
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Let Lg = Ag + fg. Whcnever a solution v > of (5.3) exists, the sign of K is opposite to that of 
the lowest eigenvalue of Lg: let Ai be the lowest eigenvalue with corresponding eigenfunction cpi > 0, 
and take the inner product to find, after integration by parts, 

/ (/)iLgvdVg= / vLg<pi dVg = —Xi / (piv dVg = K / (piv^'d dVg. 
Jm Jm Jm Jm 

Hence, the sign of K, and therefore that of a, can be determined by studying the eigenvalue problem 
for the linear portion of the equation.^ Not surprisingly, then, different behaviors for solutions can 
be expected according to the sign of the first eigenvalue of Lg. With that in mind, we now turn to 
some general existence results. 

Proposition 5.1. Assume fg is smooth, K > and d > 4. Then problem (5.3) has a smooth 
non-negative solution v satisfying 

(5.4) IIHbo(M)< \tT^ ) 

V II h \\C0{AI) I 



Proof. Equation (5.3) can be solved by a standard sub- and super-solutions method (see proposition 
A. 5). It is enough to find two functions V- < f+ such that 

LgV^ - Kv^ ^ > 0, 
Lgv+ - Kv]^^ < 0. 
For V- we can take V- = 0. If we choose V-j. to be a positive constant, then 

LgV+ - Kvj^ = fgv+ - Kv^ <\\ fg \\co{M) v+ - Kv^ . 
Setting the right hand side of the above expression to be less than or equal to zero implies 



v+ < 

Therefore one can set 

v+ = 



K 



fg 1 1 CO (A/) 



K 



fg \\c°{M) I 



Then, proposition A. 5 guarantees the existence of a solution to (5.3) satisfying f„ = < < f+. 
In particular the bound (5.4) holds. Smoothness then follows from elliptic regularity (proposition 
A.3). □ 

Remark 5.2. Without further information on fg, we cannot guarantee that the solution v found in 
5.1 is strictly positive. For example, if fg vanishes identically then f = is the only non-negative 
solution to (5.3). 



^In particular, if T'''^ is somehow tuned so that fg = — 4('^_\) Rg, then Lg becomes the conformal Laplacian of the 
manifold {M,g), and therefore the sign of Ai, and hence of K, is an invariant of the conformal class [26, 4, 40]. 
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For K < 0, we generally expect the negative part of fg to dominate. Indeed, since if v > then, 
integrating (5.3), gives 

(5.5) [ fgVdVg =K [ V^--^ dVg < 0. 

Furthermore, if < and v > then, the integral on the left hand side of (5.5) is negative, and one 
sees that a necessary condition for the existence of non-negative solutions to (5.3) is K < 0. This 
motivates the following: 

Proposition 5.3. Assume fg<Ois smooth, K < and d > 4. Then problem (5.3) has a smooth 
positive solution v satisfying 



(5-6) II V llcO(M) 



< 



d 

\K\ \ 4 



(miuM \fg 



Remark 5.4. Recall that, in the case of interest / = — 2(^^,1) {^Rg+T^'^^). In this case the assumption 
on fg can be obtained from conditions on Rgg, f, Fg and T^^ in a similar fashion to what was done 
in the linear case (section 4) , but we will not write them here for the sake of brevity. 

Proof. Since K < 0, we can write K = — |i^|. Similarly to the proof of proposition 5.1, we look for 
V- < V-^- satisfying 

LgV- + \K\v]r^ > 0, 

LgV+ + \K\v^~^ < 0. 

Once again we take V- = 0. If u+ is constant and positive, 

1-- 1-- 1-- 

LgV+ + |if|f+ = fgV+ + |-ft^|'U+ < — min |/g|i)_|_ + |-fC|f_|_ 

where we used that fg<0 (notice that the minimum of \fg\ will be non-zero by compactness of M). 
Setting the right hand side of above expression to be less than or equal to zero implies 



v+ > 

and hence we can set 



d 

\K\ \ 4 



(miuM \fg 



(. 



d 

\K\ \ 4 



VmiuM \fg\ 

From proposition A. 3 we obtain a non-negative solution v obeying the bound (5.4). This solution is 
strictly positive. In fact, since 

(5.7) LgV = -\K\v^~^ <0, 

and fg < 0, the maximum principle guarantees that v > (unless v is constant). □ 

To conclude this section, let us touch upon the boundedness of the effective potential for the 
special case of n = 2 and d > 4, stating and proving a version of conjecture 1.1. Indeed, by equation 
(2.41) in [14], we see that, the effective potential evaluated at a critical point is ^2^0!^ " however, one 
cannot define a functional as we did earlier by simply plugging in a critical point. This is because, 
unlike the linear case d = 4, if there is more than one critical point, J- may not be well-defined. 



22 



DISCONZI, DOUGLAS, AND PINGALI 



This being said, in the case of n = 2, it can be proven that, regardless of which critical point is 
plugged into the effective potential, it is still bounded from below. Firstly, we see that the statement 
is non-trivial only when a < 0. Hence, we shall assume that a = — |a|. Upon introducing a new 
function u = v\a\~i > 0, equation (5.1) becomes, 

(5.8) Agu- dn +T^<i))u = -^^. 

^ ' ^ 2(d-l)4 ^ ^ 4((i-l 

Imposing the warped volume constraint, it follows that 

v(.) 



■U d 



2dGN 



2 

d-2 



Proposition 5.5. Let d > 4. Assume that there exists a constant rj > such that 

[ rW(iy^<r?, for all g e [g]. 

Then there exists a number Kj^ € M such that V{g = e^^go) > K^j for all smooth functions ip such 
that the volume of g is fixed. 

Proof. As usual we will use C > to denote several different constants independent of (p. Dividing 
equation (5.8) by u and integrating (with respect to dVg), we have. 



d-2 „4 f |Vup 

-u d dVn ' 



- w^) ill"' + 1 > 



,„4(d-l)" i„ ,jf 

where we have used that | J^^ Rg dVg is a topological invariant by the Gauss-Bonnet theorem, and 
hence independent of (p. Therefore, 



4 



(5.9) / u~d dVg < C. 

Jm 

4 

Let w = ud . Then, 



c c f ^ 

V{g) = — > — >-C - dVg. 

ij^^j 2 -1 dVg)^ Jm ^ dVg Jm w 

The last inequality (which is obtained by Jensen's inequality) along with inequality (5.9) implies the 
result. □ 

6. Examples 

Here, it is pointed out how our results can be applied in some important examples. As we do 
not intend to exhaust all possible models, we will keep the discussion short and somewhat informal, 
highlighting the main ideas and avoiding technicalities^. 

As was stressed in section 2.1, important examples involving the string term are T^^ = A6gg{p) 
and Tg^" = ASgQ{N), for some p E M, some function A which does not depend on the metric, and 
some submanifold A^. In both cases, (2.14) holds, and an inspection in the proof of theorem 2.1-(2) 
reveals that this is essentially all that is needed for the proof to work. Indeed, from (2.14) it follows 
that (3.16) remains valid, and the rest of of the arguments go through. We conclude that theorem 



^As we will be looking at specific examples, the metrics under consideration will be of the form g = e^'^go for some 
particular family of conformal factors ip. It is clear that we can still apply theorem 2.1 when the infimum is taken over 
a smaller set V d S. 



BOUNDEDNESS OF EFFECTIVE POTENTIALS 



23 



(2.1) can also be applied when the string term is a delta function or an orientifold plane (provided, 
of course, that the remaining hypotheses are still in place). 
In a similar fashion, suppose takes a Gaussian shape, 

„2 \ 



(6-1) ^s't = ^exp 



1 / 



9 



2cj2 



a \ a/ 

where rg is the Riemannian distance to a fixed point p G M, and the "width" Ug is allowed to 
depend on g. For definiteness, we can imagine to be working in the neighborhood of p, so that (6.1) 
is multiplied by a suitably chosen cut-off function outside a ball centered at p. 

In order to investigate how should Gg transform, one can use the transformation law for a delta 
function, 

(6.2) 5,(p) = e-"%„(p), for g = e2%, 

guide. Upon rescaling of the metric, 



one obtains. 



If this is to equal 



then we see that Gg has to transform as 



1 / A^r^ \ 
— exp X'dVr 



ao- 




(^Vgo, 



Xagg. 



Hence, requiring ag to transform as above reproduces the behavior (6.2) for rescalings of the metric. 

For more general conformal transformations, g = e^'^go, the distance function appearing in (6.1) 
does not change in a simple way, and hence finding the correct transformation law for dg is compli- 
cated. But when ct^q is very small, we hope for a behavior similar to (6.2), since in this case T^*' will 
approach a delta function. We can then impose on ag a condition that guarantees a transformation 
law of the form 

= e-^'^^e^p{-^]+0{ao) as ao ^ 0. 




90 \ 90 / 

In this situation, the integral of the string term will again be bounded independent of if, and the 
arguments of theorem 2.1 may be used to prove that the effective potential is bounded from below. 
Another example involving radially symmetric functions is given by 

2ip _ 1 



(6.3) e — , o , ,0, 

with a > and 7 > 1. This example has already been considered in [14], so let us investigate how 
it fits in the present results^''. Again for definiteness, a suitable cut-off function has be to used far 



^''in [14], 7 < 2 is also imposed. This is to ensure that the scalar curvature is not negative for large but we will 
not need this condition here. 
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away from the origin. More precisely, (6.3) is defined in M", with \x\ being the Euchdean distance 
to the origin, and we are considering the conformally flat metric 

(6.4) 9^ = 9 = = 7^— Vflw"^' 

with S being the Euclidean metric. Choosing an appropriate cut-off function for |x| large, this metric 
can be glued to the manifold {M,go), as indicated in [14]. 

Remark 6.1. With the above gluing argument implicitly understood, we will work in M" for sim- 
plicity. In other words, we will explore the behavior of g in R"", but our primary interest is in the 
restriction of all quantities to a fixed ball of large radius. 

Firstly, notice that the constraint e"*^ dVg = A fixes a in (6.3): 

a-"(^-^)vol(5"-i) / — ^ds. 



(a2 + |xp) 2 ' ' 7o (1 + s 

The condition 7 > 1 ensures the convergence of the integral, so that 



1 



/vol 5"-l r ' n, ds^ 

(6.5) a = a(7) = '- 

Using (2.9) one finds 

6.6 Rg{r) = ia^+r'r 2 n - I r^ i^— ^ - / 2^2 " \ 2 I 2^2 
where r = It then follows that 

(6.7) R{0) = 2{n - l)nja^^^-^\ 

From (6.5), we see that o — )■ 00 when 7 — )• 1, and hence the scalar curvature blows up at the origin. 
On the other hand, a remains bounded when 7 increases. Hence, if one fixes 70 > 1 and considers 
values of 7 satisfying 70 < 7, the scalar curvature is bounded at the origin, and it is not difficult to 
see from (6.6) that it remains bounded on compact sets. Therefore, given 70 > 1 and p > 0, there 
exists a constant Kj^^p such that 

\Rg,\{x) < K^,p, 

for all 7 > 70 and \x\ < p, where g^y is given by (6.4). Therefore theorem 2.1 can be applied (after 
suitable adjustments as pointed out in remark 6.1), and we conclude that the effective potential is 
bounded from below for this family of metrics. 

The previous example clearly resembles a well known phenomena on the round sphere, which we 
now briefly recall (see [26] for details). 

Identifying the complement of the north pole of 5" with M" via stereographic projection, the 
round metric can then be written as 



4 

ffo = 4no"-'(5, 
where uq is the radially symmetric function 

uoix) = (1 + |2;|2) 



2 — 11 
2 
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which is usually referred to as the "standard bubble". Acting on gQ with the group of conformal 
diffeomorphisms of the sphere generates the family of metrics 

where the one-parameter family of functions 

Ue{x) = e 2 (e^ + Ixp) 2 , e > 0, 

is also commonly known as the standard bubble. The presence of the parameter e > is easily 
understood: the functions n^, or equivalently the metrics g^, come from dilations in M" inducing 
conformal transformations on the sphere. All the metrics g^ have the same volume, and all of them 
are of constant scalar curvature equal to the round one. Hence, the volume constraint and the bound 
on the scalar curvature required in theorem 2.1 are satisfied for this family of metrics, and therefore 
the theorem can be applied. The important point here is that even though one restricts to constant 
scalar curvature metrics on the sphere, there is an entire non-compact family of them, namely a 
situation where one would naturally wonder if theorem 2.1 holds. 

The previous example admits a generalization in the following sense. Suppose n > 3, fix a 
background metric g^, and consider the set of (p such that the metric g = e^^g^ has fixed volume and 
constant scalar curvature. When the Yamabe invariant of M is non-positive there exists a unique 
such ip [37, 38, 39]. In the the positive case, however, it is possible to find a dense (in the 
topology) subset V of such conformal factors satisfying the volume constraint and having constant 
scalar curvature [32]. As the scalar curvature remains unchanged for any (p £ V, the hypotheses of 
theorem 2.1 are valid, and therefore the effective potential will be bounded from below when the 
infimum is taken over V. 

In the situation described in the previous paragraph, more can be said. Due to compactness 
theorems for the Yamabe problem ([23] and references therein), the C^'°' norm of e"^^ will be uniformly 
bounded for all G "P by a constant depending only on the background metric go^^- Combining this 
with equation (2.15) and Schauder estimates (see proposition A. 4) gives the following bound for the 
critical points: 

II U \\ck.a{M) < Ci + C2 \\ U llcO(M), 

where the constants Ci and C2 depend only the the background metric go and C'^'^-norms of Fg^ 
and Tg^" (and of course on the dimension and on a). Furthermore, if the solution u is unique, then 
the above estimate holds with C2 = (possibly after redefining Ci). The important point here is 
that the growth of the derivatives of u (and of u itself when the solution is unique) is essentially 
controlled by the fixed quantities Fg^ and . 

Appendix A. Conventions and summary of formulae 

In this appendix we state some results we used in the proofs. Even though they are standard, 
they are included here for the reader's convenience. The definitions and theorems here presented 
are far from general, but they will suffice to the purpose of this paper. We will comment on such 
generalizations, referring to the literature for details. We will also indicate in this appendix our sign 
conventions. 

^^Not to miss a subtle point, such theorems hold only when n < 24 and the manifold is not conformally equivalent 
to the round sphere, and they also rely on the validity of the Positive Mass theorem in higher dimensions. But none 
of such issues arises in the cases of interest: we have already discussed the case of the round sphere, and the Positive 
Mass theorem holds in dimensions less than or equal to seven [41, 42]. 



26 DISCONZI, DOUGLAS, AND PINGALI 

A.l. Inequalities. Here we recall some standard inequalities. They can all be found, for example, 
in [16]. 



Cauchy's inequality with e. 



ah < + ^6^, a, 6 > 0, e > 



Holder's inequality. Assume 1 < p, (/ < oo, | + | = 1- Then if u G LP{M), v G L'^{M), we have 

1^1 dV <\\ u |Up(m)II V \\li{m) 



IM 

Interpolation inequality. Assume l<s<r<t<oo and 

I _0 ^1-9 



r s t 

Suppose that u G L'{M) n L\M). Then u G L''{M) and 

II II II 11^ II II 1 — ^ 

II iil'-(a/)<ii u iil»(a/)II ^ iIl'(m) 

Jensen's inequality. Assume / : M — >• M is convex, tt : M — )• R is integrable and M has finite 
measure. Then 



/(/ udv)<j f{u)dV 



where = ^^/m- 



A. 2. Theorems. Throughout this section we consider elliptic linear partial differential operators 
which, in local coordinates, are written as^^ 

(A.l) Pu = dj (a'^diu) + b'diu - cu, 

where the functions a*-', ¥ and c are assumed to be smooth, and manifolds are always assumed to 
be compact and without boundary. 

A differential operator is elliptic when its symbol is invertible [22, 4]. For scalar equations, this 
corresponds to saying that the matrix a*-' in (A.l) is positive definite for all x G M. In other words, 
there exists a constant A > 0, called the ellipticity constant, such that 

a*^'(x)e.e, > 

for any x £ M and tangent vectors ^ 7^ (where the above expression should be understood in local 
coordinates around x). The standard model of an elliptic operator is the Laplacian of a metric g, 

Recall that a linear system in finite dimensions, written as Ax = b, has a solution if, and only if, 
b is orthogonal to the kernel of A*. Much of the power of elliptic theory stems from the fact that 
elliptic operators enjoy a similar property: 

Proposition A.l. (Fredholm Alternative, [22, 16, 19]j. Let M he a smooth Riemannian manifold 
and let P : C°°{M) — )• C°°{M) he a linear elliptic differential operator, and denote by P* its formal 
adjoint. Given f G C°°(M), the equation 

(A.2) Pu = f 



1 9 

In particular, it is also assumed that all operators are of second order. 
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has a solution if, and only if, f is orthogonal to the kernel of P* . In particular, if P* = P then 
equation (A. 2) always has a solution, which is unique and smooth, provided that P has trivial kernel. 

Proposition A.l can be generalized to include differential operators between spaces of sections 
of vector bundles over M, rough coefficients and situations of very low regularity. See the above 
references, [44] and references therein. 

For self-adjoint operators, the Fredholm alternative reduces the problem of existence to that of 
uniqueness. Uniqueness can be tackled with the maximum principle: 

Proposition A. 2. (Maximum principle, [22, 16, 19] j Consider the operator P in (A.l) on a domain 
nCM (possibly n = M). 

(i) Assume c = and Pu > (resp. < 0) in il. If u achieves its maximum (resp. minimum) in the 
interior of Q then u is constant. 

(a) Assume c > and Pu > (resp. < 0) in Q. Then u cannot achieve a non-negative maximum 
(resp. non-positive minimum) in the interior of Q unless it is constant. 
(Hi) Assume c > with c not identically zero. If Pu = in M, then u = 0. 

Again, this can be generalized to include rough coefficients. Such generalizations usually involve 
replacing the previous inequalities by some inequality to hold in the sense of distributions. See 
[19, 45] and references therein. 

Proposition A. 3. (Elliptic regularity). Let u be a solution of Pu = f. 



Elliptic regularity says that solutions always "gain two derivatives" as compared to the right hand 
side term. This leads to the following useful bootstrap argument. Consider a non-linear equation of 
the form 



where f : M x M — )• M is smooth, and suppose that somehow one manages to produce a solution 
u which is in C"'". Since the composition of a smooth function with a Holder continuous function 
is again Holder continuous, we have f{-,u) G C^'°'{M). Hence elliptic regularity tells us that u € 
C^'"(M). But then f{-,u) is in fact in C'^'°'{M), and so u must be in C^'°'{M). Continuing this 
argument yields u G C°°(Af ). Of course, if / is, say, only C^, we can iterate this argument only up 
to order k. 

Proposition A. 4. (Schauder estimates [22, 19, 4]j Let M be a smooth Riemannian manifold and let 
P : C°°{M) — 7- C°°(M) he a linear elliptic differential operator. There exist a constant C , depending 
only on the a, the dimension of M, the C^'°'-norm of a^^ , 6* and c, and on the ellipticity constant 
\, such that 



Moreover, if one restricts u so that it is orthogonal (in L"^) to the kernel of P, then we can drop the 
term on the right hand side (after replacing C with a new constant depending only on the same 
quantities as before). 



(l)Iff€C''" 



(M), then u G C^'''^'"(M). In particular u is smooth if f is smooth. 



(2) If f e Ll{M), then u G Ll^^{M). 



Pu = f{x,u), 
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The next proposition is a powerful tool to produce solutions to semi-linear equations, as it can be 
seen, for example, from its applications in section 5. Its weakness relies on the fact that it does not 
guarantee uniqueness of solutions (and in fact it is easy to construct examples where the proposition 
applies but solutions are not unique, see [22]). 

Proposition A. 5. (Sub- and super- solutions, [40, 22]) Let M be a smooth Riemannian manifold. 
Consider the semi-linear elliptic equations 

(A.3) Agu + f{x,u) = 0, 

where f £ C°°{M x M). Suppose there there exist cp, £ C'^{M) satisfying 

Ag(P + fiX,(P)>0, 

Ag^l; + f{x,i;)<0, 

(such (f) and ip are called respectively a sub-solution and super- solution for (A.3)), and (f) <ip. Then 
(A.3) has a solution u G C°°(M) such that (p < u < ip. 

Proposition A. 5 admits further generalizations, including for manifolds with boundary; see [35, 12]. 

A.3. Notation and conventions. Some notation and conventions we use: 
Laplacian: Ag = —^^di{^,/Jg\g^Wj) . This differs by a sign from [14]. 
Spacetime metric: — !- + •••+. 

Dimension: spacetime before compactification: D, spacetime after compactification: d, compact di- 
mensions: n. 

L^{M,g) denotes the Sobolev space of k^^ weakly differentiable functions which belong, along with 
its weak derivatives, to L^{M,g), where the measure of integration is the volume element of the 
metric g. We sometimes write L^{M) for simplicity (in fact, when M is compact, Sobolev spaces 
defined using different metrics are equivalent, see for example [33]). 

C'='°(M) denotes the Holder spaces with k derivatives and Holder exponent a. 
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